SURVIVAL OF INFINITELY MANY CRITICAL POINTS 
FOR THE RABINOWITZ ACTION FUNCTIONAL 
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Abstract. In this paper, we show that if Rabinowitz Floer homology has infinite dimension, there exist 
infinitely many critical points of a Rabinowitz action functional even though it could be non-Morse. 
This result is proved by examining filtered Rabinowitz Floer homology. 



1. Introduction 

Many recent studies have focused on the coisotropic intersection problem. In particular, there has 
been growing interest in the leafwise intersection property described below. 

Leafwise intersection. Let (M, oj) be a 2n dimensional symplectic manifold and X be a coisotropic 
submanifold of codimension k. Then the symplectic structure o) determines a symplectic orthogonal 
bundle T'L'^, which is a subbundle of TS by the definition of coisotropic: 

ri'^ {{X, ^) 6 rX I oj,{^, - for all ^ € T,X} 

Since lj is closed, Tl,^ is integrable, thus E is foliated by the leaves; we denote by the leaf through 
X e 1,. We call x e 1. a. leafwise intersection of ^ e ¥lam^ {M, o)) if x e n 4>iLx)- Hamc(M, oj) is 
defined below in Conventions and Notations. 

In this article, we focus on the case that X is a restricted contact type hypersurface with contact 
form A, i.e. dA = oj and A A a»"~'|£ i= 0, which bounds a compact region in M. The argument devel- 
oped in this article would continue to hold in general contact case with minor modification (see fT45 
for the generalized Rabinowitz Floer theory). In that case, Tl,^ is nothing but the characteristic line 
bundle spanned by the Reeb vector field R. A leafwise intersection x £ X is called a periodic leafwise 
intersection if the leaf through x is a closed Reeb orbit. 

The problem of finding leafwise intersection points was initiated by Moser ifTTl and pursued fur- 
ther in IT] |Drl [rO|. Recently there are three different techniques to this problem; fTSl approached 
the leafwise intersection problem with Lagrangian Floer homology and IfTTl [T2l took advantage of 
Symplectic Floer homology. Another effective way to investigate leafwise intersections is Rabi- 
nowitz Floer homology developed by Cieliebak-Frauenfelder [8]. Albers-Frauenfelder [IJ observed 
that critical points of a perturbed Rabinowitz action functional give rise to leafwise intersections; 
im 121 [3l m 121 |6l [13] [Ml [151 [16 1 obtained many results on the leafwise intersection problem using 
Rabinowitz Floer homology. Rabinowitz Floer homology is the Floer homology of the Rabinowitz 
action functional Thus, the dimension of Rabinowitz Floer homology gives a lower bound on 
the number of leafwise intersections as in the Morse inequalities in case the Rabinowitz action func- 
tional is Morse. Interestingly enough, Rabinowitz Floer homology has infinite dimension in some 
cases m [161 in [El. In such cases, we know that for F e Ham^CM, w) which makes Morse, 
has infinitely many critical points. It turned out that the Rabinowitz action functional is Morse for 
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a generic F e Hamc(M, oj) U ; therefore a generic perturbation has either infinitely many leafwise 
intersections or a periodic leafwise intersection (see Proposition 11.51 ): furthermore, Q showed that 
generically there is no periodic leafwise intersection points. 

Main Theorem. If Rabinowitz. Floer homology has infinite dimension, then for (f>F ^ Hamc.(M, a») 
there exists infinitely many leafwise intersections or a periodic leafwise intersection. 

It is noteworthy that Main Theorem does not assume any kind of non-degeneracy for cpj?; that is, the 
perturbed Rabinowitz action functional is not necessarily Morse. When it is Morse, the theorem 
follows immediately from the Morse inequalities. 

Remark 1.1. An analogous result continues to hold without doubt in any other Morse or Floer ho- 
mology whenever the action functional is a Morse (resp. Morse-Bott) and it has only finitely many 
critical points (resp. finitely many compact critical components) in a compact action interval. 

Remark 1.2. The Main theorem subsumes a result in fi\ which showed the above result for a (unit) 
cotangent bundle by means of the spectral invariants in Rabinowitz Floer homology. 

Convention and Notations. 

• The Reeb vector field R is characterized by A{R) - 1 and indA = 0. 

• The Hamiltonian vector field Xf associated to a Hamiltonian function F e C°°(S' x M) is 
defined implicitly by ixf(^ - dF. 

• (pf is the time one map of the flow of Xf and called a Hamiltonian dijfeomorphism. 

• We denote by Hamc(M, oS) the group of Hamiltonian diffeomorphisms generated by com- 
pactly supported Hamiltonian functions. 

1.1. Filtered Rabinowitz Floer homology. Since Z is a contact hypersurface, there exists a Liouville 
vector field Y such that Lycu = o) and F iti Z; we denote by (py the flow of Y and fix (5 > such that 
0y|j; is defined for \t\ < 5. Since X bounds a compact region in M, we are able to define a Hamiltonian 
function G e C°°(M) so that 

(1) G~'(0) = Z is a regular level set; 

(2) G{(p'y{x)) = t for all ;c € I and \t\ < 6; 

(3) do has compact support. 

Definition 1.3. Given time-dependent Hamiltonian functions H € C~(5 ^ x M) and F € C^iS ^ x M), 
a pair {H, F) is called a Moser pair if it satisfies 

(1) // is a weakly time-dependent Hamiltonian function. That is, H is of the form H{t,x) - 
X{t)G{x) for G € C°°(M) defined above and;^^ : ^ with xdt - 1 and Supp;^^ c {\, 1); 

(2) their time supports are disjoint, i.e. 

H{t,-) = forVfe[0, ^] and F{t,-) = for V? e 1]. 

Remark 1.4. We can easily check that every element in YiamdM, co) is generated by a compactly 
supported Hamiltonian function with time support on [0, 

We define a perturbed Rabinowitz Floer functional J?lj? : C°°(S \ M) x R. — > M. for a Moser pair 
(H, F) as follows: 

1 1 1 

j?l^(v, 77) - - J" v*A-r] J H{t,v)dt- J F{t,v)dt. 
00 
Albers-Frauenfelder observed that a critical point of gives rise to a leafwise intersection. 
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Proposition 1.5. ID Let {v,rf) e CritjTl^. Then x :- v(0) e E and satisfies (ppix) e L^. Thus, x is a 
leafwise intersection point. Moreover, the map 

CritJ^l^ — > [leafwise intersections) 

is injective unless there exists a periodic leafwise intersection. 

Definition 1.6. We define the action spectrum for a Moser pair {H, F) by 

Spec(//, F) := (v, 77) € R | (v, 77) e Crit(j?l^)). 

Now, we roughly describe a filtered Rabinowitz Fleor homology for a Morse action functional 
and a < b < c i Spec{H,F) (see |[T4l for a rigorous definition); it is proved in |T| that Jlf is Morse 
for a generic F e C^iS ' x M) with time support in [0, 1 /2]. Let us set the Z/2-module by 

where 

Cn&'''\jl'^) := {(v,?7) € CritJ?lf | (v, 77) G ia,b)}. 
Then it becomes a complex with the boundary operator d defined by counting solutions of a nonlinear 
elliptic PDE. Then the filtered Rabinowitz Floer homology is defined by 

In the case a = -00 and b = oo,-we get a full Rabinowitz Floer homology HF(J?lj?) and it is invariant 
under the choice of a perturbation F e C^iS ' x M) by the standard argument in the Floer theory. 
Thus we denote by 

RFH(X,M) HF(:?l^) = HF(:?lf) 

where Ji^ = Jl^. The Rabinowitz action functional is Morse-Bott for a generic contact hyper- 
surface; in that case Rabinowitz Floer homology RFH(E, M) is well-defined. Otherwise, we define 
RFH(S, M) := HF(J?l^) for being Morse. Moreover we have canonical homomorphisms 

inclusions and projections respectively. They fit into a short exact sequence 

CF<^''')(^f ) ^ CF^"''\j{f) ^ CF^''''\:^'^) 0, 
and we obtain a long exact sequence 

• • • ^ HF^''''\jif) ^ HF(«'^)(J?lf ) ^ liF<"''\M'^) ^ liF<'''\Mf) ^ • • • . 
Next, we briefly recall the definition of Hofer norm. 

Definition 1.7. Let F e C^iS ' x M, R) be a compactly supported time-dependent Hamiltonian func- 
tion. We set 

1 1 
\\F\\+:= I maxF{t,x)dt ||F||_ - ( min F(t, x)dt = \\ - F\\+ 

J xeM J xeM 



and 

IIFII := IIFIU + 

For ^ e Ham^CM, oj) the Hofer norm is 

||<^|| - inf {||F|| IcP^cPf, Fe C^{S ' x M, R)}. 
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The following proposition is well-known in the standard Floer theory and easily shown by energy 
estimates (see e.g. HIM ). 

Proposition 1.8. There exist continuation homomorphisms for the filtered case: 

O : HF("-^)(^^) HF(^+ll^-^H-'^+ll^-^H-)(:?lf ), 
T : HF^^-^^C^f ) HF^^+ll^-^H-^+ll^-^H+^C^lJ'). 

2. Proof of Main Theorem 

Proof. Assume on the contrary that RFH(E, M) = HF(J?l^ ) is infinite dimensional and Jif for F e 
C^(5 ' X M) has finitely many critical points. Then there exist A,B eR such that 

Spec(H,F) c[A,B]. 

Since F and / are compactly supported, ||F - /||_ has finite value, so we can pick b € R so that 
b> B-\\F - /lU. Then CF(^+"^'^"-°°\yif ) is empty and thus its homology HF(^+"^'^"-°°)(:?lf ) is 
well-defined although could have degenerate critical points with action outside (b + \\F - /||_, cxi). 
Due to Proposition [TT§] together with the "homotopy of homotopies" argument, we have the following 
commutative diagram (12.11 ). 

HF(^-°°)(^f) 




(2.1) 



Hp(^+l|f-/ll,o°)(-j^ff) 

Since HF'-^'^"^" vanishes, accordingly (^^^^y^.y^n)* also vanishes and we have the following 

short exact sequence: 

uF^b^F-f\\,oo)^^p ±^ jjp(,,,+llf_/ll)^^^^ HF(^'«')(J?lf ) ^ 

where tt, = i* = ('^^"^ ■^"''")t> and is a connecting homomorphism. Since < oo, 

the dimension of HF^'''^"^ll^"^'l^(:?l^) is finite. Since /, is surjective, YIF'''''°°\M^) is finite dimensional. 

In the same way, we choose a € R so that a < A - ||F - /||_ and then the following diagram 
commutes. 

HF(-~'«)(j?l^) 




HF(-~.«+ll^-/ll)(^f) 
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Analogously, (^^^"^ ^"),. vanishes and thus we have 

^ UF^-^^^^^WF-Mt^^p ^ Yl¥^a,aM\F-f\\)f^^H-^ ±^ UF^-"''"\j{f) 0. 

where /'^ - (/"'^^"^ ^")^,7r'^ = (tt^I^'^ ^")^, and 5* is a connecting homomorphism. Therefore HF^~'"'"\j?l^) 
has finite dimension. Next, we compare the dimensions of homologies and this is contradictory to the 
our assumption that Ji^ has finitely many critical points. Consider a part of the long exact sequence: 

• • • ^ HF(''-'»)(^f ) 'h HF(«-~)(J?lf ) ^ liF^"''\^p ^ • • • . 
Then we know that 



dimHF^"''")(J?l^) = dimimTT^/ + dimker/r^/ 



= dim im tt^'^ + dim im /?° (2.2) 
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< dimHF^^'^^CTlJ^) + dimHF(^'"\j?lJ') < oo. 
In addition, we have another long exact sequence of the form 

• • • ^ UF^-'°'''\:nf) ^ RFH(X, M) HF("''")(^5^) ^ • • • . (2.3) 

Using the computation (12.21) together with (12. 3I ). we derive the following contradiction and it finishes 
the proof of theorem. 

CX3 = dim RFH(E, M) - dim im n'^co,a* + dim ker 7T'^co,a* 

^ dim im tt'"^^, + dim im 



< dimHF("''")(J?lf ) + dim HF(-"'"\j?lf ) < oo. 
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